We study the evolution of the hydrogen ionization field during the epoch of reionization (EoR) using semi-numerical model simulations. By calculating the Minkowski functionals (MFs) of the 21cm brightness temperature field, which provides a quantitative description of topology of the neutral and ionized regions, we find that the reionization process can be divided into five stages, each with different topological structures, corresponding to isolated ionized regions ("bubbles"); connected ionized region ("ionized fibers") which percolate through the cosmic volume; a sponge-like configuration with intertwined neutral and ionized regions after the overlap of bubbles; connected neutral regions ("neutral fibers") when the ionized region begin to surround the remaining neutral region; and isolated neutral regions ("islands"), before the whole space is ionized except for the rare dense clumps in galaxies and minihalos and the reionization process is completed. We use the MFs and the size statistics on the ionized or neutral regions to distinguish these different stages, and find the neutral fractions at which the transition of the different stages occur. At the later stages of reionization the neutral regions are more isolated than the ionized regions, this is the motivation for the island model description of reionization. We compare the late stage topological evolution in the island model and the bubble model, showing that in the island model the neutral fibers are more easily broken into multiple pieces due to the ionizing background.
INTRODUCTION
The epoch of reionization (EoR) is a complex and information-rich stage in the history of our Universe, during which the first galaxies formed and the intergalactic medium (IGM) transits from neutral to ionized. The Lyman-α absorption spectra of high redshift quasars show that reionization is nearly complete at z ≈ 6 (Fan et al. 2006) , while the latest cosmic microwave background (CMB) data from the Planck satellite sets the average redshift of EoR to be z re = 7.82 (Akrami et al. 2018) . Recently, the Experiment to Detect the Global Epoch of Reionization Signature (EDGES) claims to detect a strong global 21cm absorption signal at redshift z ∼ 18 corresponding to the formation of the first luminous objects ), though the claimed signal is too strong to be consistent with standard cosmological model, and this result still needs further confirmation from more experiments. Besides the basic timing of reionization, however, more details about this process, such as the nature and properties of the ionizing sources and the scale and morphology of the ionization field are still very uncertain. Using the 21 cm transition of neutral hydrogen as the tracer of the neutral IGM, various experiments are built or being designed in order to detect the 21 cm signals from the EoR, including the current GMRT (Paciga et al. 2011) , MWA (Tingay et al. 2013) , PA-PER (Parsons et al. 2010), and LOFAR (van Haarlem et al. 2013) , and the upcoming HERA (DeBoer et al. 2017 ) and SKA-low (Maartens et al. 2015) . The 21 cm power spectrum may be the most comprehensively studied statistics, and it is also probably the first statistical signal to be measured in the near future. Nevertheless, much more information is expected to be ex-tracted from other 21 cm statistics beyond the power spectrum, as the reionization process involves various non-linear processes, and the ionization field is expected to be highly non-Gaussian. Indeed, evolutionary features in the skewness (e.g. Wyithe & Morales 2007) , kurtosis (e.g. Kittiwisit et al. 2018) , and bispectrum (e.g. Shimabukuro et al. 2016 ) of the 21 cm brightness fields, among others, have been explored.
According to our current understanding, reionization began with the formation of first stars and galaxies in high density regions, which photoionized the gas in the surrounding regions and form individual ionized bubbles. As more and more galaxies form, the bubbles grow in size and number, at some point they start to connect with each other, going through a percolation process, and eventually the ionized regions overlap with each other and most of them are connected as a whole. The remaining neutral regions are then one-by-one cut off from each other and become isolated islands. The reionization process is completed with the shrinking and disappearing of these islands.
The widely adopted "bubble model" assumed isolatedbubbles topology for the early stage of reionization (Furlanetto et al. 2004) , and several semi-numerical simulation programs have been developed based on this idea (Zahn et al. 2006; Mesinger et al. 2011)) . It is important to know the realm in which the isolated-bubbles topology applies, before such simulations are used for interpreting the upcoming observational data. Recently, it has been recognized that the bubble overlap happens at fairly high neutral fractions (Xu et al. 2014; Furlanetto & Oh 2016) , casting doubts on the applicable range of the models based on the idea of isolated bubbles, as its basic premise is invalid except for a very brief periods. At a later stage, when most of the space have been reionized, the neutral regions become isolated, and one could then treat them as neutral islands (Xu et al. 2014 ), but again we need to know the point at which the topological phase transition happened and the model based on the island picture can apply.
The two-dimensional and three-dimensional topology of the ionized regions during the EoR have been investigated in a number of researches (Gleser et al. 2006; Lee et al. 2008; Hong et al. 2014; Wang et al. 2015) While the neutral fraction, matter density and spin temperature of the hydrogen atoms may all affect the 21cm signal, Yoshiura et al. (2017) demonstrated that the MFs of the 21cm field is determined primarily by the neutral fraction, so that it provides a very powerful tool to study the topological evolution process during reionization.
Here we aim to quantify the topological structure of the 21 cm brightness field in terms of the MFs, and provide a full description of the evolutionary features of the 21 cm signal through the reionization process. Using the Minkowski functionals and the statistics of ionized and neutral regions, we try to gain an understanding of how the topology of the neutral and ionized regions evolve.
In Section 2, we briefly introduce the excursion set theory of reionization, and the semi-numerical simulations, on which our topological analysis is based. The computation of MFs is given in Section 3. The evolutionary features in the topology of the 21 cm brightness field are presented in Section 4, with each subsection dedicated to a stage of EoR. Section 5 compares the topology evolution in the 21cmFAST and the IslandFAST. Finally, the major results are summarized and discussed in Section 6.
SEMI-NUMERICAL SIMULATIONS
In order to generate the ionization field and the corresponding 21 cm brightness temperature map during reionization, we use the semi-numerical simulations of the 21cmFAST (Mesinger et al. 2011) program as well as the IslandFAST (Xu et al. 2017) , which is designed to have a more accurate description at the late stage of the reionization. The semi-numerical simulations are based on the excursion set theory of structure formation (Bond et al. 1991 , Lacey & Cole 1993 , Zentner 2007 , in which the formation of luminous objects are determined by the over-density on the corresponding mass scales, and the ionization of the region is determined by the balance of ionizing photon supply and the number of baryons to be ionized-in the presence of recombination, each baryon may also require multiple photons to keep it ionized during the time being considered. The 21cmFAST program was developed based on the "bubble model" of reionization (Furlanetto et al. 2004 ) which assumes an isolated-bubble topology of the ionization regions. To obtain a more accurate description of the reionization process after percolation of the ionized regions, the "island model" (Xu et al. 2014 ) and the corresponding semi-numerical code IslandFAST (Xu et al. 2017) were developed, assuming a topology of isolated neutral islands in the ionization field. Strictly speaking, the "bubble model" should be applied only before the connection of individual bubbles, while the "island model" should be used only after the isolation of the neutral patches, and during the mid-stage of reionization when the percolation occurs, neither of these model is completely accurate. Within the framework of the excursion set theory, the watershed happens when the density barrier crosses the coordinate origin on the δ −S plane.
Although the ionized bubbles are isolated only at the early stage of reionization, it was found that the statistical predictions from the 21cmFAST still have a reasonable agreement with full radiative transfer hydrodynamical simulations for most epochs during reionization (Zahn et al. 2006) . In this paper we will use the 21cm-FAST to simulate the whole process of reionization, and analyze the topology of reionization. Using the MFs, we will identify the point at which neutral regions are divided into discrete pieces, after that the neutral island gives a better description of the hydrogen distribution. For the late stage, we also perform the IslandFAST simulation, which begin with an initial state generated with 21cmFAST, but then evolve the reionization sequence using the IslandFAST rules.
We assume an ionizing efficiency parameter of ζ = 20, and a minimum virial temperature of 10 4 K for halos hosting ionizing sources as our fiducial model. For the IslandFAST, an empirical model for the ionizing background is adopted, based on the observed number density of Lyman limit systems near redshift 6 (Songaila & Cowie 2010) . The simulation box has comoving length of 1 Gpc on a side and 500 3 cubic cells.
The EoR experiments measure the 21 cm brightness temperature, given by (e.g. Furlanetto et al. 2006) :
where H is the Hubble parameter, Ω m and Ω b are the matter and baryon density parameters respectively, T γ is the CMB temperature and dv r /dr is the radial gradient of the peculiar velocity. The topology of T b contains the three-dimensional information about the neutral fraction x HI , matter overdensity δ m , spin temperature T S , as well as the radio velocity gradient. The spin temperature is an weighted average of the gas kinetic temperature and the CMB temperature. At the cosmic dawn, when the first stars and galaxies formed, the spin temperature might be driven below the CMB temperature by the Wouthuysen-Field mechanism of the Lymanα photons, producing an absorption trough (Chen & Miralda-Escudé 2004) . However, for the major part of the epoch of reionization, especially when the ionization fraction became significant, the gas would have already been heated well above the CMB temperature, thus the tomographic signal would be found 21cm emission. Below for simplicity we assume T S T γ in the analysis. While the density fluctuations also contribute to T b fluctuations, the ionization can set the brightness directly to 0. Therefore, the features in the MFs of T b during reion-ization are dominated by the x HI distribution (Yoshiura et al. 2017 ). We will focus on the topology of T b = 0 contours.
MINKOWSKI FUNCTIONALS
To quantify the morphological structure of the reionization, we calculate the MFs (Minkowski 1903 ) of the T b field, for which there are only four independent ones in three dimensional space (Schmalzing & Buchert 1997) . A typical set of MFs in the three dimensional space is:
where Θ denotes the Heaviside step function, u(x) is the random field being studied, σ is the root mean square (rms) of the field, and ν = u thr /σ is the relative threshold. V denotes the three dimensional space being studied, x denotes the comoving coordinates, ∂F ν denotes the contour surface formed by u( x) =ū + νσ, κ 1,2 are the principle curvatures of ∂F ν . These MFs, in order, describes the volume, surface area, mean curvature and the Gaussian curvature of the excursion sets, i.e. regions in which the field u exceeds certain threshold. By the Gaussian integration theorem, V 3 is also the Euler characteristic, which is related to the genus by g = 1 − χ/2, which describes the topology of the excursion set, with gV = (number of tunnels) -(number of isolated surfaces)+1. We smooth the T b field with the simple average and a smoothing scale of 4 3 cells (8 Mpc a side). The 21cm fluctuation T b /T b is used as the probe field, and as we discussed above, the T b = 0 contours trace the ionization fronts. During the reionization, at least in popular reionization models with soft ionizing photon sources, the boundary between the ionized regions and neutral regions are sharply defined. At such boundary T b = 0, thus we may watch for the T b = 0 point in the MF for the evolution of ionized regions. Other points in the MFs reflect also the change in the density of the neutral hydrogen field, though being affected by many factors it is more difficult to interpret.
We use the Koenderink method (Koenderink 1984) to calculate the MFs. This method obtain the principal curvature by calculating the first and second order partial derivatives of the field, and transforms the surface integrals to volume integrals for computation using the Gaussian theorem.
Before moving on to measuring the simulation results, we first consider the case of random Gaussian field, which gives a good description of primordial density field of the large scale structure in the standard cosmology model. The analytical form of the MFs are known in this case: (0)) where ξ(r) denotes the correlation function at zero, and Φ(x) = 2 √ π x 0 dt e −t 2 is the Gaussian error integral. We plot the MFs of a Gaussian random field in Fig. 1 for reference, and use them to check our code for numerically measuring the MFs. We can also gain some insights on the interpretation of the MFs from this plot. The left end of the plot corresponds to extreme under-density, so the contours there would have very small total surface area (V 1 ∼ 0), and as the surface is oriented from high density to low density, it enclosed most of the volume (V 0 ∼ 1). As the density increases, the enclosed volume fraction V 0 decreases, which drops to zero at the right end for the extremely large over-density fluctuations. During the same process, the area of the contour surface V 1 initially increases as we move to more probable field values, reaching a maximum at the mean value of ν = 0, then starts decreasing again to smaller values at large over-densities. The mean curvature V 2 at ν < 0 is negative due to the orientation of the contour surface and positive at ν > 0, crossing zero at the mean field value of ν = 0. It approaches zero at large |ν|, as the number and contour surface of such extreme points rapidly decrease, though the curvature itself is large. The maximum and minimum of V 2 is reached near ν = 1 and −1 respectively. However, V 2 is not frequently used in cosmological applications. The V 3 > 0 peaks at a moderately large |ν| indicated that g < 0, i.e. the number of tunnels smaller than the number of isolated surfaces, while the case V 3 < 0 near ν = 0 is just the opposite, where we would have a "sponge" topology with complex multi-connected iso-density surfaces.
STAGES OF REIONIZATION
In the bubble model, it is noted that the ionized bubbles first formed in high density peaks where the star formation rate is high, and as redshift decreases, more bubbles appear and existing bubbles grow in size, eventually they would overlap with each other (Furlanetto et al. 2004) , then most of the space is reionized, with only a small fraction of low density regions remain as neutral islands, and afterwards they also disappeared quickly. After that, the hydrogen reionization is complete and the neutral hydrogen is only found within the high density clumps of galaxies or minihalos. However, it has been recognized recently that the percolation of the ionized bubbles could occur when the average ionized fraction is still very low (Xu et al. 2014; Furlanetto & Oh 2016) , so strictly speaking, the bona fide isolated bubble picture is only valid for a very brief period.
Armed with the MFs, we can now study the history of reionization quantitatively. However, we shall use a modified form. We shall plot the V i not as a function of the temperature fluctuation normalized with the vari-
Provided thatT b and σ T b is known, the two variables can be converted easily. The advantage of using this is that the boundary between neutral and ionized regions have T b = 0, which we can easily mark, while in the conventional definition this point changes withT b .
The redshift evolution of the MFs are plotted in Fig. 2 , where the MFs V 0 , V 1 , V 2 , V 3 are shown from top to bottom, the results at different redshifts are plotted on the four columns from left to right in descending order, and within each panel results for three redshifts are plotted. Using the MFs as a classification tool, we find that the reionization history can be divided into the following five stages according to morphology:
• The Ionized Bubbles stage. Initially the MFs of the 21cm brightness temperature field are almost identical with the case of a Gaussian random field. A small number of isolated ionized bubbles begin to appear in the volume at high peaks of the density field.
• The Ionized Fibers stage. From x HI ∼ 0.9 to x HI ∼ 0.7, more and more bubbles get connected to form a large fiber-like structure extending the whole simulation box. While such ionized structures do not look exactly as the originally envisioned bubbles, they can still be regarded as connected bubbles embedded in the neutral box.
• The Sponge stage. When x HI drops below 0.7, we begin to see that most of the ionized regions get connected, with the neutral and ionized regions in-tertwined with each to form a sponge-like complex structure.
• The Neutral Fibers stage. When the neutral fraction drops below 0.3, the neutral regions begin to look like a large fiber embedded in the ionized regions. This stage mirrors the ionized fiber stage before the sponge stage.
• The Neutral Islands stage. As reionization progresses further, the connections between the neutral regions get cut off. When x HI < 0.16, the remaining large neutral regions become islands, and continue to shrink and disappear in the end.
Below, we study the evolving MFs and the stages of reionization in detail.
The Ionized Bubble stage
In Fig. 2 , the first column from left shows the earliest stage of the reionization process. The three curves in the figure are for redshift z = 13 (red solid line), z = 10.75 (blue dashed line), and z = 9.75 (brown dash-dotted line), and the corresponding neutral fractions are x HI = 0.9975, 0.9573, 0.9025 respectively (At the mass resolution considered here, the difference between the volume and mass-weighted neutral fractions are not large, we shall use the volume neutral fraction in all discussions in this paper.) The general impression on the MFs of this stage is that they are very close to the Gaussian case, with only minor deviations.
At the beginning of reionization (z = 13), almost all of the gas are neutral, and the 21 cm brightness field are dominated by the density fluctuations. The MFs of the T b field follow those of a Gaussian field.
As the ionized bubbles formed, the neutral hydrogen field deviates from the Gaussian case. Inside the ionized regions T b = 0, and the boundary between the ionized region and neutral regions are sharp, at least for the soft ionizing sources such as stars, so we expect that the volume V 0 (T b ) should drop steeply just above the point T b = 0, as a fraction of the volume x i = 1 − x HI is now ionized and has T b = 0. It should rejoin the original Gaussian curve at a height of V 0 = x HI , if the brightness temperature field remain unchanged outside ionized region. Due to the effect of smoothing, the actual drop of V 0 is not so steep. In fact for x HI ≈ 0.96 case, the difference from the Gaussian curve is very small, perhaps because the bubbles are still smaller than the smoothing scale. But we do see that for the x HI ≈ 0.90 case, the V 0 decreases at T b > 0 and approaches the Gaussian curve at a value close to x HI . The same is true for the surface area V 1 , which for x HI ≈ 0.96 the change is unnoticeable, but for x HI ≈ 0.90 the increase in V 1 is quite obvious.
The nature of the ionized region can be revealed by V 3 which is related to the topology of the field. It has an increase at T b > 0, showing an excess of contour surfaces, corresponding to the formation of bubbles. The trough of V 3 at the mean brightness temperature also deepens, perhaps due to structure growth, but this is more complicated and not relevant to the main purpose of our study, so we will not discuss it further.
The simulation box at the three redshifts is shown in Fig. 3 , where the ionized regions are shown in red, except the largest ionized region which is colored blue, while the neutral region are left transparent. We plot the simulation box in this way to highlight the nature of the largest ionized region. We see that at z = 13, there are already numerous ionized bubbles, but they are all very small, so that after smoothing with a relatively large scale (8 Mpc), one would recover almost the exact Gaussian field. At z = 10.75, the density of the ionized regions increased, and some of them merge to form large ionized regions, but even the largest ionized region is still very small. At z = 9.750, however, even more ionized regions appear, and begin to get connected with each other to form a large ionized region. This result is consistent with the findings of Furlanetto & Oh (2016) that one large ionized bubble formed at around x HI ≈ 0.9.
The size distribution of the ionized regions at each redshift is shown in Figure 4 in units of box cells. We have made the plot such that the few largest cells appear individually as distinct spikes at the large size side in the figure. We can see that a very large ionized region appeared at z = 9.75 box, its size exceeds other ionized regions by orders of magnitude. Such a large ionized region starts to "suppress" the growth of more ionized regions, in the sense that the newly formed ionized regions are more likely to encounter this giant one and become annexed before growing to large scale by itself. When the Universe is only 5% ionized, there are still numerous ionized regions with comparable sizes of the order 10 4 V cell . However, the number of these is reduced when the largest ionized region formed at x HI ∼ 0.9, and the volume of other ionized regions stay much lower. The value of the distribution function at small volume is still rather large, the small bubbles are not significantly affected. Recall that due to the well known biased formation of structures, the larger bubbles are likely formed in large regions with high average density, while the many smaller bubbles are more likely to form in regions of lower average densities, so the isolated bubble assumption could still be applied to these after this stage. 
The Ionized Fibers stage
The second column of Fig. 2 from left shows the MFs of the second stage of the reionization process. The three curves are for z = 8.875, x HI = 0.792 (red solid line), z = 8.5, x HI = 0.7230(blue dashed line) and z = 8.25, x HI = 0.6569 (brown dash-dotted line). The MFs around the ionization boundary T b = 0 are clearly different from the Gaussian field in this stage.
As noted above, at x HI ∼ 0.9 a large ionized region formed, which goes through the whole simulation box. The formation of a connected ionized region which is infinitely large, or going through the whole box volume in a simulation, marks the point of percolation of ionized regions 1 . Not all of the ionized regions are connected at this point, however, as is clearly shown in Fig. 3 . But as a matter of fact, even to the very late stage of reionization, there may still be some isolated ionized regions referred to as "bubbles-in-island" in Xu et al. (2014) which are not connected. At best, one can say that most of the ionized regions get connected in this era.
After the formation of this large ionized region, as redshift decreases, more and more ionized regions get connected. The MFs near T b = 0 changed appreciably. Now for V 0 the drop above T b = 0 is more apparent, and it rejoins the near-Gaussian case at V 0 ∼ x HI as we discussed earlier. The surface area V 1 at T b = 0 contours increase continuously, as ionized regions of large size formed. An additional local peak near T b ∼ 0 appeared when the global neutral fraction reaches x HI ∼ 0.70. Meanwhile, the trough in the mean curvature V 2 and the peak in the Euler characteristic V 3 shifts toward left, also reaching T b ∼ 0 at x HI ∼ 0.70. The position of these peaks and trough are slightly above T b = 0 thanks to the smoothing effect. These features in V 1 , V 2 and V 3 near T b = 0 indicates that there is a very large area and complicated topology and morphology for the ionized region, which is an nature outcome of the connection of the ionized regions. We shall refer to this point as the overlap of ionized regions.
As discussed in last subsection, the largest region which now permeates much of the volume has the effect of annexing the other large ionized regions. The size distribution of ionized regions is shown in Fig.5 . The few largest ionized regions of ∼ 10 4 V cell in Fig. 4 now disappears, as most of the ionized regions get connected with each other. However, the number of small bubbles remain numerous, showing that not all ionized regions are connected. We show the largest ionized region after the overlap of ionized regions in Figure 6 . It is difficult to identify the beginning of overlap visually, but the additional peak in the Minkowski Functional V 1 curve at around T b = 0 give a cue for its occurrence. The typical global neutral fraction at which overlap happens is found to bex HI ∼ 0.70, which is consistent with the findings of Furlanetto & Oh (2016) and Bag et al. (2018) .
The Sponge stage
The MFs during next stage of reionization is shown in the third column from left in Fig. 2 . Here all three curves are from an epoch after the overlap, for z = 7.875, x HI = 0.525 (red solid line), z = 7.5, x HI = 0.3352 (blue dashed line), and z = 7.375, x HI = 0.2548.
After the point of overlap, the whole box consists one large ionized region with small neutral regions inside, and one large neutral region, with small ionized regions inside. The two are intertwining with each other in a sponge-like morphology, as shown in Figure 7 . The evolution of the topological structure is best shown with the Euler characteristics V 3 . The Euler characteristics can tell the difference between a solid sphere in an empty space, which has a positive χ, and holes inside a solid object, which has a negative χ. The Euler characteristics is additive, so whether the V 3 value is positive or negative can be used to determine whether the neutral region or ionized region is the dominating one.
Initially, V 3 has a positive peak around T b = 0, reflecting the fact that even down to x HI ∼ 0.5, the ionized regions are still in some sense surrounded by neutral regions. When the neutral fraction drops to around 0.3, however, the V 3 at T b = 0 become negative. This is the sign that there are similar number of "holes" (neutral regions inside ionized region) to that of "balls" (ionized regions inside neutral region). We note that there is an asymmetry in the evolution of topology as a function of the global neutral fraction, which may help to explain why the analytical "bubble model" and semi-numerical models based on the same idea works fairly well statistically throughout most of the epoch of reionization.
The other MFs also show interesting evolution during this stage. The volume fraction V 0 now exhibits a clifflike initial drop at T b ∼ 0, then it changes to a shallower decrease. This very steep initial drop does not reach x HI however, but only down some point higher than it. In earlier discussions we noted that the smoothing effect make the drop of V 0 less steep. The appearance of the very steep initial drop shows that at this stage of reionization, some very large ionized regions are present, so that they are not affected by the smoothing. However, some of the ionized regions are still small which are subject to the smoothing effect, so the V 0 changes to a more gentle decline before reaching x HI . Looking more carefully, there is a small bounce at the bottom of its initial drop. As V 0 (x) is the fraction of volume with T b > x, it should be monotonically decrease. The peak in the surface area V 1 and the trough in the mean curvature V 2 at T b ∼ 0 becomes more prominent, consistent with the impression that the interface between the neutral and ionized regions are highly complicated for the sponge-like topology in this stage.
The fact that the neutral region still surrounds the ionized regions after the Universe is 50% ionized can also be seen using the size distribution of ionized region as shown in Figure 8 . Both the largest neutral region and the largest ionized region appear as a dominant cell cluster in this figure, and they have comparable volumes. However, the number of small ionized regions and neutral regions have a significant difference, with many more (two orders of magnitude higher) ionized regions than its neutral counterparts. The bubbles are much more numerous than the islands, hence the positive Euler characteristics.
The Neutral Fibers Stage
As the redshift decreases further, most of the cosmic volume become occupied by the ionized regions, and we expect to enter a neutral fibers stage, which in some sense can be regarded as the mirror of the ionized fiber state: the neutral regions are now embedded within the ionized regions, but most of the neutral regions are connected. Two curves in the last column of Fig. 2 are the MF during this stage. The first curve, which is the same as the last curve of the last stage, with z = 7.375, x HI = 0.2548 (red solid line), and the second has z = 7.25, x HI = 0.1601 (blue dash line). Now the V 0 has an even larger steep initial drop at T b = 0, though still not down to x HI during this steep drop due to the smoothing effect. The surface area V 1 at T b = 0 decreases a bit as the neutral region begin to shrink. The negative trough of V 2 also become less deep.
The trough of V 3 deepens however, showing that there are more "tunnels" than the "holes", and the neutral region remain to have a highly complicated topology. However, at x HI = 0.16 the V 3 drops to a minimum, approaching the percolation threshold.
In Fig. 9 we show the largest neutral region in blue and all other neutral regions in red, while ionized regions are transparent. We can see the largest neutral region has a fiber-like morphology, similar to the ionized regions during the ionized fiber stage. At the lower redshift with x HI = 0.16, the size of the largest fiber decrease, and some of its branches are cut off by ionization and become small, independent neutral regions.
The Neutral Islands Stage
As the reionization progress further, the connected network of neutral regions gradually break into pieces and become isolated neutral islands. The last curve in the last column of Fig. 2 , z = 7.1, x HI = 0.023 shows this final stage of reionization. The volume fraction V 0 now drops as a cliff at T b > 0, to almost zero, then bounces back to a value slightly larger than x HI , due to smoothing. For the surface area V 1 , the peak at T b = 0 lowers as the number and area of the neutral region is decreasing, and at higher T b it almost vanished. The trough at T b = 0 for the mean curvature V 2 and the Euler characteristic V 3 also has the same vanishing trend. Furthermore, during the Neutral Fibers stage there is still some peaks in T b 0, indicating the presence of some dense clumps inside the large neutral region, these now also disappeared. At this point, most neutral regions are isolated, contributing the number of "holes", and the island model description becomes applicable.
After the neutral islands become isolated, they continue to shrink and disappear, resulting the decreasing value of V 3 around T b ∼ 0. Eventually, all the islands are ionized and V 3 returns to 0 as the reionization is completed. In Fig.10 we show the largest neutral region in blue, and other neutral regions in red. Here we see even the largest neutral region is now relatively small, but there are still numerous small islands. However, all of these neutral will be reionized eventually.
ISLANDFAST VS. 21CMFAST
In the above, the evolution of the ionization field were obtained by using the 21cmFAST semi-numerical simulation. However, the external photons from the ionizing background may play an important role in the later stages of reionization. This is taken into account by the IslandFAST model. Here we make a re-analysis of the later stages by comparing the results of the 21cm-FAST and IslandFAST simulations. The IslandFAST requires an input on the external ionizing background at the start, though afterwards the ionizing background at each later redshift is derived self-consistently. Here we started the IslandFAST simulation at x HI = 0.17, using the output of the 21cmFAST at that redshift as initial condition. We then compare the subsequent topological evolution for the two models.
The evolution of V 3 as simulated with IslandFAST and 21cmFAST are shown in Figure 11 . As the evolution in the two models are different, we take the results at approximately equal neutral fractions.
For the 21 cm field simulated with 21cmFAST, the V 3 at T b = 0 simply increases monotonically during this era, indicating a continuous decrease in the number of individual islands. For the IslandFAST, however, V 3 at T b = 0 first decrease to a lower minimum, then begin to increase. The further decrease in V 3 for the Island-FAST simulation reflects the process that the relatively large neutral regions are being divided into smaller ones because of the bubbles-in-island effect, as well as the increasing ionizing background. This process creates more "holes", resulting in a more negative V 3 around T b = 0. Eventually, the isolated neutral islands are consumed by the ionizing background, and similar to the case with 21cmFAST, the V 3 at T b = 0 eventually vanishes.
In Fig. 12 we plot the size distribution function of the two simulations at three comparable neutral fractions (the neutral fractions are derived from the simulation snapshots, so they can not be made exactly equal). The top panels (a,b,c) show the 21cmFAST results, while the bottom panels (d,e,f) show the IslandFAST result. For 21cmFAST, the neutral region simply shrinks as the neutral fraction decreases, so that the whole neu- tral region size distribution simply shifts toward smaller ones, but a very large neutral cluster is always present. For IslandFAST, however, at certain point the largest neutral region breaks into disconnected pieces around x HI ∼ 0.1, so the largest island disappears, while the number of smaller ones is nearly constant or even get an increase during this process. This evolution in the number of neutral islands as a function of average neutral fraction is also plotted in Fig. 13 . At the starting point x HI = 0.17, the number of islands in the 21cm-FAST simulation and the IslandFAST simulation are the same. As x HI decreases, however, the two models diverge. For 21cmFAST, the number of neutral regions as well as the volume of the largest neutral region decreases monotonically. For IslandFAST, as x HI drops to ≈ 0.1, the large neutral region breaks into a number of smaller islands, with a sudden increase of the number of neutral regions. Of course, for either code, the number of islands approaches zero with x HI → 0.
From these results, we observe that during the late stage of the reionization, the IslandFAST simulation predicts that the largest neutral region gets cut off into multiple pieces, while in the 21cmFAST it shrinks, though at some point it must also be broken off into two or a few pieces, as it no longer percolate through the whole box. This is not surprising, the IslandFAST takes the ionization caused by external photons into account explicitly, such photons are more uniformly distributed, and would more likely to cut through the links between the neutral regions at the same time, and this perhaps provides a better description of the topological evolution during the late stage of EoR.
DISCUSSIONS
We have analyzed the evolution of the topological structure of the 21 cm brightness temperature field during EoR using a set of semi-numerical simulations. The ionized regions have a brightness temperature of T b = 0, while the neutral regions have T b > 0. By tracking the changes of MFs, especially by looking at the MFs at just above T b = 0, one can gain insights on the topology of the ionization-neutral region interface during the reionization process.
Based on the analysis of the MFs and other statistics, e.g. the size distribution of the neutral and ionized regions, we find that the topological evolution of the reionization process can be divided into five different stages. In the first stage where the neutral fraction x HI 0.9, there are numerous isolated ionized regions ("bubbles"). As more numerous and larger bubbles formed, the ionized regions begin to connect with each other. Next, the ionized regions formed cluster structures ("ionized fibers"), with the largest one percolating through the whole simulation box. At x HI ≈ 0.7, most of the ionized regions overlap with each other, forming a connected structure intertwined with a similar structure of neutral regions, the whole space of ionized and neutral regions takes the appearance of a "sponge". As the reionization progress further, the neutral regions begin to shrink and being surrounded by the ionized regions, at x HI 0.3, a "neutral fiber" stage set in. Finally, the neutral fiber also shrinks and at some point around x HI ∼ 0.16 it no longer percolate through the whole simulation box, and we enter the stage of isolated "neutral islands".
From the results summarized above, we see that strictly speaking, the original assumptions of the bubble model and island model, namely that the ionized regions or the neutral regions are isolated, are only valid during the first or the last stage of the reionization process. During the intermediate stages, the topology of the region could be fairly complicated, and as a result the numerical model may not be quantitatively accurate, as have been noted in previous works (Xu et al. 2014; Furlanetto et al. 2006) . Nevertheless, it is interesting to note that the semi-numerical simulations which are based on spherical averages do produce very complex and irregular shaped regions. The bubble model and island model are based on the balance between the number of photons needed for ionization and the number of photons produced locally (bubble model) and also the number of photons from the external background (for the island model). The fiber-like shape in such models originates from the shape of the iso-density contours of the density fluctuations. Very recently, Bag et al. (2018) used the MFs and cluster statistics to characterize the topology of the ionized regions, they also found the fiber-like shapes of the ionized regions, and using the shapefinder statistics derived from the MFs, they found that the cross-section of the fibers are nearly constant. The numerical algorithm we adopted is not suitable for accurate computing of the shapefinder statistics, but this result is consistent with the general picture of reionization process we delineated above. Compared with the original assumption, the most important difference for the fiber shaped ionized region is that they will get some additional ionizing photons from the connected neighboring cells, i.e. some ionizing photons can propagate along the fibers, so that the ionization may be even faster. However, if the ionized regions are indeed shaped as fibers, the cross section for the background photon is fairly limited, and the zigzag path also limit the distance the photons could travel due to finite propagation time and the absorption by the residue neutral gas in the ionized regions. Thus, even though the original assumption of isolated bubbles is no longer true during the ionized fiber stage, we speculate that the model may still give reasonably good predictions. For the neutral fibers, the inaccuracy of the 21cmFAST model may be larger, as a substantial amount of the photons could come from the surrounding ionizing background. However, the IslandFAST program may take into account of the surface area of the actual neutral region, the main difference in topology is that the neutral fibers are more prone to break-up into smaller islands.
The present study is still limited in several ways. Our study is based on semi-numerical models, which is only an approximation and can not replace a full radiative transfer simulation. The study of the topology of reionization using the semi-numerical models may be considered as a self-consistent check on the basic assumptions of the method. We have limited our presentation to the results obtained for a fiducial model. The different cosmological and reionization parameters may affect the results. However, from a few exploratory tests, it seems that as long as the ionizing sources are soft ones which produce clear boundary between the neutral and ionized regions, and the cosmological parameters and reionization parameters are not too extreme. the general picture of the evolution presented above should be robust. This work is supported by the Chinese Academy of Sciences (CAS) Frontier Science Key Project QYZDJ-SSW-SLH017, the National Natural Science Foundation of China (NSFC) key project grant 11633004, the NSFC-ISF joint research program No. 11761141012, the CAS Strategic Priority Research Program XDA15020200, and the MoST grant 2016YFE0100300. ZTC thanks Jiabei Zhu, Xianyun Jiang for valuable discussions.
